Abstract. For a K3 surface S and a class β ∈ Pic(S), we study motivic invariants of stable pairs moduli spaces associated to 3-fold thickenings of S. We conjecture suitable deformation and divisibility invariances for the Betti realization. Our conjectures, together with earlier calculations of Kawai-Yoshioka, imply a full determination of the theory in terms of the Hodge numbers of the Hilbert schemes of points of S. The work may be viewed as the third in a sequence of formulas starting with Yau-Zaslow and KatzKlemm-Vafa (each recovering the former). Numerical data suggest the motivic invariants are linked to the Mathieu M 24 moonshine phenomena.
Introduction
A beautiful connection between curve counting on K3 surfaces and modular forms was conjectured in 1995 by Yau and Zaslow [35] : the generating series of the counts of rational curves in primitive classes was conjectured to equal the inverse of the discriminant
(1 − q n ) 24 .
By work of Göttsche [12] , ∆(q) −1 was already known to arise as the generating series of the Euler characteristics of Hilbert schemes of points of K3 surfaces S, .
An argument by Beauville [2] in 1997 provided a geometric link between curve counting in primitive classes and the Euler characteristics of Hilb n (S).
A connection between the higher genus curve counts on K3 surfaces and the generating series of χ y genera of Hilb n (S), n≥0 χ y Hilb n (S) q n−1 = 1 q ∞ n=1 (1 − yq n ) 2 (1 − q n ) 20 (1 − y −1 q n ) 2 , was proposed in 1999 [16] . The conjectures of [16] govern all classes on K3 surfaces via a subtle divisibility invariance for multiple classes. In the genus 0 primitive case, the Yau-Zaslow conjecture is recovered. A proof of the KKV conjecture was recently found [29] . The moduli of sheaves (via stable pairs [26] ) on K3 surfaces play a central role.
We propose here a third step in the sequence of conjectures starting with Yau-Zaslow and KKV. We conjecture the Betti realization of the motivic stable pairs theory of K3 surfaces is connected to the generating series of Hodge numbers of Hilb n (S), n≥0 χ Hodge Hilb n (S) q n−1 = 1 q ∞ n=1 (1 − u −1 y −1 q n )(1 − u −1 yq n )(1 − q n ) 20 (1 − uy −1 q n )(1 − uyq n ) , where the variables u and y keep track of the Hodge grading. Our conjecture governs all curve classes and specializes to the KKV conjecture after taking Euler characteristics.
In addition to the surprising divisibility invariance already present in the KKV conjecture [16] , we propose a new deformation invariance of the Betti realization of the motivic invariants of K3 geometries. To support our conjectures, we provide a few basic calculations.
The KKV formula and the Pairs/Noether-Lefschetz correspondence [24, 29] together determine the BPS counts of K3-fibered Calabi-Yau 3-folds in fiber classes in terms of modular forms. We propose a framework for a refined P/NL correspondence for the motivic invariants of K3-fibered Calabi-Yau 3-folds. For the STU model, a complete conjecture is provided. In the Appendix by R. Thomas, the Gopakumar-Vafa perspective on the motivic invariants of K3 surfaces is discussed. The relevant moduli spaces [17] are shown to be nonsingular even in the imprimitive case.
The results of the Appendix may be viewed as supporting our motivic stable pairs conjectures in the larger framework of the conjectural Pairs/Gopakumar-Vafa correspondence. The divisibility m β is the maximal positive integer dividing the lattice element β ∈ H 2 (S, Z). If the divisibility is 1, β is primitive. Elements with equal divisibility and norm square β, β are equivalent up to orthogonal transformation [34] .
The Picard lattice of S is the intersection Pic(S) = H 2 (S, Z) ∩ H 1,1 (S, C) .
For a family of nonsingular K3 surfaces π : X → (∆, 0) with special fiber X 0 ∼ = S and trivial local system R 2 π * Z, the NoetherLefschetz locus associated to γ ∈ H 2 (S, Z) is
The Noether-Lefschetz locus is naturally a subscheme NL γ ⊂ ∆.
Stable pairs motivic invariants
Let S be a nonsingular projective K3 surface. Curve counting on S may be approached via the reduced virtual fundamental class of the moduli space of stable maps to S or the stable pairs theory of CalabiYau 3-fold thickenings of S. An equivalence relating these two counts is proven in [29] essentially using [24, 25] . We are interested here in the motivic invariants associated to S. Since no motivic theory is available on the Gromov-Witten side, we will consider here the moduli spaces of stable pairs.
BPS counts for S via stable pairs were defined in [29] . The construction uses K3-fibrations sufficiently transverse to Noether-Lefschetz loci. We follow the geometric perspective of [29] to define a motivic theory associated to S. Let α ∈ Pic(S) be a nonzero class which is both positive (with respect to any ample polarization of S) and primitive. Let T be a nonsingular 3-dimensional quasi-projective variety, ǫ : T → (∆, 0) , fibered in K3 surfaces over a pointed curve (∆, 0) satisfying:
(i) ∆ is a nonsingular quasi-projective curve with trivial canonical class,
(ii) ǫ is smooth, projective, and
The class α ∈ Pic(S) is m-rigid with respect to the family ǫ if the following further condition is satisfied:
the local Noether-Lefschetz locus NL(γ i ) ⊂ ∆ corresponding to each class γ i ∈ Pic(S) is the reduced point 0 ∈ ∆.
Let Eff(mα) ⊂ Pic(S) denote the subset of effective summands of mα.
The existence of m-rigid families is easy to see [29, Section 6.2] .
Assume α is m-rigid with respect to the family ǫ. By property (⋆), there is a compact, open, and closed component
parameterizing stable pairs 3 supported set-theoretically over the point 0 ∈ ∆ for every effective summand γ ∈ Eff(mα). We define
to be the motivic 4 stable pairs invariant associated to the component P ⋆ n (T, γ) following Joyce and collaborators [4] . The motivic invariant (2.1) takes values in the Grothendieck ring of varieties carrying actions of groups of n th roots of unity K µ var extended by the inverse of the Tate class,
The product in K µ var is not induced by the ordinary product of varieties, but rather defined explicitly by motivic convolution with a Fermat curve [8, 23] . 2 An effective decomposition requires all parts γ i to be effective divisors. 3 For any class γ ∈ Pic(S), we denote the push-forward to H 2 (T, Z) also by γ. Let P n (T, γ) be the moduli space of stable pairs of Euler characteristic n and class γ ∈ H 2 (T, Z). 4 At the moment, W Let ρ denote the canonical action of the finite group scheme
on itself. We obtain an element
Straightforward calculation using the definition of the product or the motivic Thom-Sebastiani formula yields the relation
Definition. Let α ∈ Pic(S) be a primitive, positive class. Given a family ǫ : T → (∆, 0) satisfying conditions (i), (ii), and (⋆) for mα, let
The motivic invariant V ǫ n,mα (S) is the main topic of the paper. The superscript ǫ records the family
For positive β ∈ Pic(S), we may write β = mα where α ∈ Pic(S) is positive and primitive and m = m β is the divisibility of β. Hence,
is defined. Assuming the validity of Conjecture A, we may drop the ǫ superscript and write H n,β (S) for the virtual Poincaré polynomial.
Conjecture B. The virtual Poincaré polynomial H n,β (S) is invariant under deformations of S for which β remains algebraic.
The divisibility m β and the norm square β, β = 2h − 2 are the only deformation invariants of the pair (S, β) with β ∈ Pic(S). Assuming the validity of Conjecture B, we write
replacing (S, β) by m β and h.
3.2.
Motives. Conjecture A for the motivic invariant V ǫ n,β (S) seems not unreasonable: V ǫ n,β (S) is independent of ǫ. However, Conjecture B is certainly false with V ǫ n,β (S) in place of H n,β (S) since the class
[S] ∈ K var often appears in V ǫ n,β (S). Examples of the latter phenomenon can be found already for elliptically fibered K3 surfaces in the fiber class.
The classes of K3 surfaces derived equivalent to S also appear in the elliptically fibered cases.
We define a new quotient ring of varieties:
where I D is the ideal generated by all differences
where X and X are K3 surfaces which are derived equivalent. 5 Then,
we could hope the class
is a universal polynomial in the motivic powers of the class of the underlying K3 surface,
The coefficients of such a polynomial would lie in Q[L,
An interesting related question immediately arises. Let S be nonsingular projective K3 surface with a positive irreducible class α ∈ Pic(S). The moduli space P n (S, α) is known to be nonsingular [19, 27] . Is there a formula for 
Calculation of Kawai-Yoshioka
In order to formulate Conjecture C which completely determines H n,m,h , we first review the calculation of Kawai-Yoshioka.
5 Or perhaps I D should be the ideal generated by the differences of all derived equivalent nonsingular projective Calabi-Yau varieties. Alternatively, Chow motives may be a more natural framework for the entire discussion.
Let P n (S, h) denote the moduli space of stable pairs on the K3 surface S for a positive irreducible class α satisfying 2h − 2 = α, α .
The moduli space P n (S, h) is nonsingular of dimension 2h − 1 + n. The Poincaré polynomial of P n (S, h),
has been calculated by Kawai-Yoshioka. By Theorem 5.158 of [19] ,
.
In order to fit our motivic conventions in Section 6, we define
and rewrite the Kawai-Yoshioka formula as
After the substitution y = uỹ, we find
The right side of the above formula is the generating series of Hodge polynomials of the Hilbert schemes of points of S.
Refined Gopakumar-Vafa invariants
5.1. Definition. Refined Gopakumar-Vafa invariants were defined mathematically in [6] via refined stable pairs invariants. 6 Following [6], we will define refined invariants
for K3 surfaces for all h ∈ Z and all half-integers
The definition uses formula (8.1) of [6] and the generating series of Hodge numbers of the Hilbert schemes of points of K3 sufaces of Section 4. If h < 0, the definition is simple:
For the h ≥ 0 case, we will use the following notation. For j ∈ Z ≥0 , we define
We define the refined invariants R h≥0 j L ,j R for K3 surfaces by
Here, the sums over j L and j R are both taken over
will be discussed further in Section 6. Formula (5.1) will be shown there to be consistent with the KawaiYoshioka calculation of Section 4 via the definition of the refined invariants in [6] . In fact, consistency with the Kawai-Yoshioka calculation forces formula (5.1) for R h j L ,j R . 6 Other definition has been proposed in [13, 20] . Connecting the refined invariants for K3 surfaces R h jL,jR defined here to the geometry of [13, 20] is the topic of the Appendix by R. Thomas.
The refined invariants R h j L ,j R may be viewed as arising from the cohomology of P n (S, h), the moduli space of stable pairs on the K3 surface S with positive irreducible class α satisfying α, α = 2h − 2 .
Formula (5.1) also agrees with the refined invariant for K3 surfaces calculated in [14] . Formula (5.1) uniquely determines R h j L ,j R for h ≥ 0. As a consequence, the following stabilization property holds: for fixed i and j,
is independent of h for sufficiently large h. of traces on the BPS Hilbert space H BP S arising from wrapping M5 branes on curves in X. The Hilbert space H BP S carries an
Z ≥0 . The refined invariants arise via the formula:
Similarly, the unrefined invariants arise as:
Here, (−1)
The matrix
is twice the Cartan element of SU(2) measuring the spins of the BPS state. The operator H measures the mass of the BPS state. Let I g denote the SU(2) representation associated to the cohomology of an abelian variety of dimension g,
By taking the trace on I g , we obtain the following identity:
2g
Setting u = −1 in (5.2) and using (5.3), we obtain the basic relationship between the refined and unrefined invariants:
If we specialize (5.4) to the refined invariants R h j L ,j R of K3 surfaces and change variables
and recover the KKV formula for the BPS counts r h g of K3 surfaces from (5.1),
in accordance with [24, 29] . and n β g is that the former are actual BPS degeneracies. Hence, we expect N β j L ,j R to always be nonnegative. Moreover, if there is a symmetry acting on the Hilbert space which commutes with H and the spin operators, the multiplicities must fall in representations of the symmetry group. For E n del Pezzo surfaces, the invariants N β jrj R were observed in [14] to fall naturally in representations of E n . The Weyl group of E n acts on the geometry by Lefshetz monodromy.
Greg Moore pointed out to us at String Math 2014 during the presentation [18] that the number R 244823040, which is conjecturally [10] We have checked all the values taken by refined invariants R Table 1 Nevertheless, the action of the Matthieu group is expected 9 in the string compactification on K3 × T 2 and the refined spacetime BPS spectrum is a natural place to see its action.
6. Conjecture C Our motivic convention is the following. 10 If the moduli space of stable pairs P is a nonsingular variety of complex dimension d, then
9 See [5, 11] for related developments. 10 Our conventions here distribute the signs in a slightly different manner than the conventions of [6] , but there is no essential difference.
the associated motivic invariant is defined 11 to be
Here, [P ] is the usual element associated to P in the Grothendieck ring of varieties. When considering the virtual Poincaré polynomial,
We define H(P ) to be the virtual Poincaré poly-
. Let α ∈ Pic(S) be a positive irreducible class of norm square
Then P n (S, h) is nonsingular of dimension 2h − 1 + n. Hence, the relation
of Section 4 is consistent with our motivic conventions. An elementary verification based upon the interpretation of the KawaiYoshioka calculation in Section 4 and the definition of the refined invariants in Section 5 yields the following identity: the v α coefficient of the product
where m L and m R increase by steps of 1.
The product (6.1) occurs in the definition of the refined invariants [6, Equation (8.1)]. The equality of (6.1) and (6.2) is a geometric constraint verified by definition (5.1). In fact, definition (5.1) is uniquely determined by the above constraint.
To state our last conjecture, let α ∈ Pic(S) be a positive, primitive class of norm square
We will consider the motivic partition function for classes which are multiples of α,
For fixed k, the motivic invariant H n,kα vanishes for sufficiently negative n. Assuming Conjectures A and B, we rewrite the partition function as
where we define
The variable v α has now been replaced by just v.
Conjecture C. For all h, the partition function
The product j L ,j R ,m L ,m R ,m,j appearing in Conjecture C is just as before (6.3). Conjecture C determines every H n,k,h [k] in terms of the refined Gopakumar-Vafa invariants obtained from primitive class geometry. Such a relation may be viewed as a divisibility invariance property.
If we substitute u = −1 in H n,kα , we recover the stable pairs invariants R n,kα defined in [29] for K3 surfaces. An unwinding of the definitions then shows Conjecture C implies the KKV conjecture (proven in [29] ) for stable pairs invariants in all classes.
7. First predictions 7.1. Virtual motives. Before presenting examples, we quickly review the theory of virtual motives following [4, 15] .
Joyce and collaborators introduce the notion of an oriented d-critical locus as a framework for defining motivic invariants within classical (non-derived) algebraic geometry. Moduli spaces of stable pairs carry such a structure. We review the aspects which are most relevant for us and refer the reader to [15] for the omitted details.
A d-critical locus is a variety M which can locally be realized as Crit(f ) for a holomorphic f on a smooth space U (a critical chart), with a weak notion of compatibility among the critical charts. The compatibility is strong enough however to define a virtual canonical bundle
Given a critical chart (U, f ), there is a canonical isomorphism
An orientation is a choice of square root of the virtual canonical bundle
From the data of a oriented d-critical locus, a virtual motive [M] vir can be defined. There are two ingredients:
• The motivic vanishing cycle of Denef and Loeser [7] , • A principal Z 2 bundle determined by the choice of orientation.
A local virtual motive can be associated to the motivic vanishing cycle.
After a motivic twist by the principal Z 2 bundle, Joyce and collaborators [15] show the local motives glue together. We review the motivic vanishing cycle following [7] . For our examples, we will only require the case where f is of the form
Here (z 1 , . . . , z n ) are coordinates in a neighborhood U of the origin in
For an index set I ⊂ {1, . . . , n} define E I by the equations z i = 0 for all i ∈ I, and define
with a natural projection to E
• I . The group µ m I of roots of unity acts on E I by its action on w. In fact, E I is a Galois µ m I -cover of E • I . Denoting the action by ρ I , we obtain an element [ E I , ρ I ] in the ring of equivariant motives over U.
The motivic nearby cycle of f is
where
The motivic vanishing cycle of f is
We only need the motivic vanishing cycle in three special cases:
• f = z where ρ denotes the action of µ 2 on itself. We therefore obtain
Using (2.2), we find the following expression:
which simplifies to
In case f = z 
As expected, E
• 2 has cancelled out (E • 2 is not part of Crit(f )). The principal Z 2 bundle associated with a choice of orientation is given by the local isomorphisms
which are square roots of the canonical isomorphism (7.1).
In the case f = 0 or f = z 2 1 z 2 2 , the principal bundle Z 2 bundle is trivial in a punctured neighborhood of each E • I , essentially since there is no ramification in the Galois µ 2 covers described above. As we shall see, the principal Z 2 bundle plays an important role in the case
Next we globalize the f = 0 geometry. Suppose M is nonsingular. As a d-critical locus, M can be described by a single critical chart (M, 0), so
If there is no 2-torsion in Pic(M), then K M is the only possible orientation, as will be the case in our example.
In a second geometry which will arise, M red is a union of two nonsingular components E 1 , E 2 meeting transversally along a nonsingular irreducible divisor E 12 . In such case, M must be nonreduced. We will also have E 1 −E 2 and E 2 −E 1 nonsingular, so nilpotents can occur only along E 12 . We assume the simplest possible scheme structure compatible with the situation: (z as the superpotential.
Consider the natural isomorphism
with the analogous identification on E 2 . So there is again a natural orientation (
then the orientation is unique. Such uniqueness will occur in our example.
With the unique orientation, we have a globalization of (7.3),
A third geometry will arise: M red is irreducible, nonsingular, and contains a nonsingular divisor D ⊂ M precisely along which M is nonreduced. We assume the simplest possible scheme structure compatible with the situation, (z Consider the natural isomorphism
These bundles extend to respective line bundles K vir M and K
⊗2
M red on M red . Direct computation shows the isomorphism vanishes to order 1 along D. So
It is apparent that there is no natural orientation (
For the moduli space of stable pairs, we know that M is an oriented d-critical locus by general theory. Hence, we conclude D must be even:
The superpotential z for some line bundle L on M red . 13 Then, we have an orientation
which is the only possibility if Pic(M) has no 2-torsion.
In the above oriented situation, the principal Z 2 bundle of square roots of (7.1) in a critical chart naturally ramifies when extended to D. 
Comparison with (7.4) shows how to extend the motive globally. The result is
We now compute the virtual Poincaré polynomial of (7.7). To convert a Z 2 -equivariant motive [V, ι] to a virtual Poincaré polynomial, decompose H * c (V ) into its even and odd parts under ι * :
and then take the virtual Poincaré polynomial, which we write as
In our conventions the virtual Poincaré polynomial of [V, ι] is then 13 The same calculation was applied in [15, Example 2.39] to the situation
to show that a certain d-critical locus was not orientable since the class of a point is not even in Pic(P 1 ). 14 In [4] , the Z 2 twists are only defined in a quotient of the equivariant motivic ring. We presume the computation holds in the equivariant motivic ring itself if other approaches to virtual motives are followed [22] . 
Finally, the virtual Poincaré polynomial of (7.7) is
7.2. Poincaré polynomials. Some elucidation of (7.8) is in order here. Let K µ 0 (HS) denote the Grothendieck ring of the category of Hodge structures with a µ-action. There is a Hodge characteristic map [23] ,
, which can be extended to
We will define a virtual Poincaré polynomial
which then determines a virtual Poincaré polynomial map
The definition of P is chosen so that H is a ring homomorphism.
For simplicity of exposition, we focus on the special case of µ 2 -equivariant Hodge structures (the only case which appears in the examples considered here) and say a few words about how to extend to the general case. 0 (HS), the product is shown to satisfy
where H ± are the even and odd parts of the µ 2 -action on H (and similarly for H ′ ).
Forgetting the µ 2 action, we let Q(H) be the Poincaré polynomial of a Hodge structure H. Equation (7.8) can be rephrased as defining P to be
which equals P(H)P(H ′ ) as desired.
The full result [23, Cor. 7.2] extends (7.11) to a formula for * valid for any 7.3. Elliptically fibered K3 surfaces. Let S be an elliptically fibered K3 surface,
with section s and fiber class f . No singular point of any fiber lies on s. We will compute motivic stable pair invariants in classes
with small Euler characteristic following the method of [15] . For our definition in Section 2, we will consider various families
depending upon the class.
We start with the fiber class f ∈ Pic(S). If (F, τ ) is a stable pair of class [F ] = f and χ(F ) = 0, then F = O E for some fiber E of π. Since the fibers are parametrized by P 1 ,
Note Pic(P 1 ) has no torsion, so there is no choice in the motivic invariant. If χ(F ) = 1, then the coker(τ ) of the stable pair (F, τ ) is a point, and
Again, Pic(S) has no torsion, so there is no choice in the motivic invariant. Next consider the section s ∈ Pic(S). We see P 1 (S, s) is a point and
Hence, the coefficient of v s in the motivic partition function Z mot is
Since s, f ∈ Pic(S) are irreducible classes, for any 1-rigid family ǫ, the above moduli identifications are valid on T . The class s + f is primitive but not irreducible. In the Euler characteristic 0 case,
is determined by the location of a fiber of π. Hence,
Again, T plays no interesting role.
The more interesting geometry occurs in Euler characteristic 1. The moduli space P 1 (T, s + f ) has two components, E 1 where the point is on the fiber and E 2 where the point is on s:
For E 2 , the first P 1 parametrizes the point of the fiber and the second P 1 parametrizes the location of the point coker(τ ) on the section. The two components meet along
embedded in S as the section s and in P 1 × P 1 as the diagonal.
We assume the local superpotential is the second form discussed in Section 7.1. By (7.5), we have
For the classes s, f, s + f ∈ Pic(S) to order q, the motivic partition function is
We now calculate the coefficient of v s+f in log(Z mot ). The q 0 coefficient
The last expression is easily simplified to L −1 [S] . We conclude the q 0 and q 1 coefficients of v s+f in log(Z mot ) agree with the q 0 and q
The above calculation provides nontrivial evidence for Conjectures A and B. In fact, if more naive approaches to the motivic theory are taken (for example using the actual moduli spaces or even the Behrend function on the moduli spaces), the agreement we have found fails. We have verified the prediction to order q 2 , but we do not include the more involved calculations here.
We next turn to the class 2f . We have
However, in the algebraic twistor family, the scheme structure is not reduced 15 precisely along the diagonal curve D ⊂ P 2 , a plane conic.
The discussion of Section 7.1 therefore applies. The virtual canonical bundle is
, and the algebraic twistor family is uniquely oriented by O P 2 (−4).
The double cover of P 2 branched along D is a nonsingular quadric
Therefore the odd part of the motive of Q − D is L. Hence (7.9)
in complete agreement with Conjecture C.
Duality and Noether-Lefschetz theory
8.1. Heterotic-Type II duality. The Yau-Zaslow conjecture originates in heterotic-Type II duality in 6d, where the heterotic string is compactified on the four torus T 4 and the Type II string on K3.
By the adiabatic argument [33] , this can be extended to 4d N = 2 supersymmetric theories, which are obtained from dual pairs of heterotic string compactifications on K3 × T 2 and Type II string compactifications on Calabi-Yau 3-folds X. The latter are K3 fibations over P 1 . This construction of dual pairs requires a match between the vector-and hypermultiplet moduli spaces of the heterotic and the type II compactifications. The heterotic moduli parametrize the metric of K3 × T 2 , the bundle data of the heterotic compactification, and the heterotic dilaton S, which is in a vector multiplet. In Type IIA compactifications, the complexified Kähler moduli (t, S) of X parametrize 15 We thank R. Thomas for the verification.
the vector multiplet moduli space 16 , which is of complex dimension h 11 (X). In particular, the heterotic dilaton
is identified with the complexified volume of the base P 1 .
The simplest example is the STU-model, see [21] for review. Here, the Calabi-Yau 3-fold X is an elliptic fibration over P 1 × P 1 and a K3
fibration over P 1 with
The three vector moduli are identified on the heterotic side with the heterotic dilaton S, the complex modulus T , and the complexified Kähler modulus U of the heterotic torus T 2 17 .
An impressive consequence of the proposed duality is that a perturbative heterotic one-loop amplitude predicts all higher genus amplitudes
of X in the infinite base limit (the dependence on the K3 fiber classes).
For the STU model,
We will use this relation in the holomorphic limit to extend Conjecture C to a proposal for the refined invariants of the STU model.
8.2.
Refined Noether-Lefschetz theory.
8.2.1. Overview. We pass now from the string point of view to the more precise mathematical perspective advanced in [24, 29] as NoetherLefschetz correspondences. For our study of refined invariants, the Noether-Lefschetz numbers of [24, 29 ] also require refinement. 16 The complex moduli of X together with the Ramond fields and the type II dilaton parametrize the hypermultiplet moduli space, which is of quaternionic dimension h 21 (X) + 1. This makes the duality much richer, but we focus on the vector moduli. 17 As h 21 (X) = 243, the heterotic hypermultiplet moduli space is of quaternionic dimension 244. 
with signature (1, r − 1), and let v 1 , . . . , v r ∈ Λ be an integral basis. The discriminant is
The sign is chosen so ∆(Λ) > 0. A Λ-polarization of a K3 surface S is a primitive embedding j : Λ → Pic(S) satisfying two properties:
isomorphic via an isometry which restricts to the identity on Λ,
(ii) Im(j) contains a quasi-polarization.
By (ii), every Λ-polarized K3 surface is algebraic.
The period domain M of Hodge structures of type (1, 20, 1) on the lattice
Let M Λ ⊂ M be the locus of vectors orthogonal to the entire sublattice
Let Γ be the isometry group of the lattice U 3 ⊕ E 8 (−1) 2 , and let Γ Λ ⊂ Γ be the subgroup restricting to the identity on Λ. By global Torelli, the moduli space M Λ of Λ-polarized K3 surfaces is the quotient
We refer the reader to [9] for a detailed discussion. 18 A sublattice is primitive if the quotient is torsion free.
8.2.3.
Noether-Lefschetz divisors. Let (L, ι) be a rank r + 1 lattice L with an even symmetric bilinear form , and a primitive embedding
Two data sets (L, ι) and (L ′ , ι ′ ) are isomorphic if and only if there exist an isometry relating L and L ′ which takes ι to ι
An additional invariant of (L, ι) can be obtained by considering any vector v ∈ L for which
The pairing 
The discriminant is
The coset δ(h, d 1 , . . . , d r ) is represented by the functional
The Noether-Lefschetz divisor P ∆,δ ⊂ M Λ is the closure of the locus of Λ-polarized K3 surfaces S for which (Pic(S), j) has rank r + 1, discriminant ∆, and coset δ. By the Hodge index theorem 20 , P ∆,δ is empty unless ∆ > 0. By definition, P ∆,δ is a reduced subscheme.
where the multiplicity m(h, d 1 , . . . , d r |∆, δ) is the number of elements β of the lattice (L, ι) of type (∆, δ) satisfying
If the multiplicity is nonzero, then ∆|∆(h, d 1 , . . . , d r ) so only finitely many divisors appear in the above sum.
8.2.4.
Refined Noether-Lefschetz numbers. Let X be a nonsingular projective Calabi-Yau 3-fold fibered in K3 surfaces,
The 1-parameter family determines a morphism
The Noether-Lefschetz number NL π h,d 1 ,...,dr is defined [24, 29] by the following conditions: 20 The intersection form on Pic(S) is nondegenerate for an algebraic K3 surface. Hence, a rank r + 1 sublattice of Pic(S) which contains a quasi-polarization must have signature (1, r) by the Hodge index theorem.
• , d 1 , . . . , d r ) > 0, the Noether-Lefschetz number is defined by the classical intersection product
Our refinements of NL π h,(d 1 ,...,dr) will not be numbers, but rather representations 21 of SU(2) × SU(2) lying in the space
The first refinement is defined by ..,dr is more subtle. Again, we consider three cases based upon the discriminant:
where S ι is the sum of the divisors on the right side of (8.3) not containing ι(P 1 ) and T ι is the sum of such divisors containing ι(P 1 ). The final case of the definition is:
The motivation of the second refinement is to record the geometric components of the Noether-Lefschetz locus over the base P 
with Calabi-Yau total space determines a division (8.4) satisfying the following property. For degrees (d 1 , . . . , d r ) positive with respect to the quasi-polarization λ π , We follow the STU conventions of [21] with the lattice
The Noether-Lefschetz numbers for the STU model
where E 4 and E 6 are the Eisenstein series,
The refinement is easily seen to be given by
otherwise. The Betti number of X are
We define R h,⋄ j L ,j R for the STU model by a formula parallel to (5.1) but using only part of the generating series of Hodge numbers of the Hilbert schemes of points of K3 surfaces:
We expect R h,⋄ j L ,j R to always be nonnegative and bounded by R
is uniquely defined by equations (5.1), (8.4) , and (8.5).
Conjecture D. A refined P/NL correspondence holds for fiber classes of the STU model:
positive with respect to the quasi-polarization.
Conjectures C and D together predict the refined invariants of the STU model in fiber classes. Let (d 1 , d 2 ) = (0, 1) be the fiber class of the elliptic fibration µ :
For refined invariants of the STU model in class (0, 1), the conjectures predict:
After expanding formula (8.1) of [6] with the refined invariants (8.6) for the STU model X in class (d 1 , d 2 ) = (0, 1), we obtain predictions for the Betti realizations of the following stable pairs motives:
The above predictions exactly match the expected geometry
In fact, the predictions for the fiber class (0, 1) case match for the moduli spaces P m (X, (0, 1)) of stable pairs for all Euler characteristics m.
Conjecture D proposes an exact solution for the Betti realization of the stable pairs motivic invariants for the STU model X in fiber classes.
Further values of the refined invariants for the STU model are given below.
Checking the above prediction for P 0 (X, (n, 1)) is easy for all n ≥ 0.
Further checks in the case (d 1 , d 2 ) = (1, 1) have been completed (and match Conjecture D). Determining the moduli space and the superpotential becomes harder as the Euler characteristic and the curve class increase.
Summary
Our goal in the paper is to present a conjectural framework for the evaluation of the motivic stable pairs invariants of K3 surfaces in all curve classes. The first step is a definition using suitably NoetherLefschetz transverse algebraic families. Conjectures A and B predict a deformation invariance for the associated Betti realization. These new In Conjecture D, we propose a refined Pairs/Noether-Lefschetz correspondence for the STU model X. Together, Conjectures A-D provide a rich non-toric setting where motivic invariants are well-behaved. While (i) and (ii) are foundationally well settled and proven equivalent in many cases, the precise formulation of (iii) is not yet clear (and the equivalence is not understood). As we have already mentioned, for a motivic theory, only the sheaf theoretic approaches (ii) and (iii) are at present possible.
When the moduli space of stable sheaves with 1-dimensional support and Euler characteristic 1 is nonsingular, approach (iii) yields a clear proposal. Nonsingularity of the moduli spaces is certainly rare. However, in the Appendix by R. Thomas, nonsingularity is proven for the stable sheaves associated to K3 surfaces in algebraic families transverse to the relevant Noether-Lefschetz divisors. Nonsingularity is proven for all (even imprimitive) curve classes. The outcome provides a direct approach to the GV motivic theory of K3 surfaces which matches precisely with our stable pair predictions. In particular, the GV approach predicts the divisibility invariance of the original KKV formula.
A path proving Conjectures A, B, and C is to start with the GV moduli spaces as discussed in the Appendix and wall-cross to stable pairs. 22 Various difficulties aries: the most signficant of which may be the inability to achieve Euler characteristic 1 by twisting by line bundles in the imprimitive case. Nevertheless, proving a Pairs/GV correspondence appears the most promising approach to Conjectures A, B, and C at the moment. Proof. The statement is local, so we may work on a Zariski open subset U ⊂ M. Shrinking U if necessary, we may assume there is a universal sheaf F on U × T . We must show that F is the push forward of a sheaf on U × S. The classifying map of the resulting flat family of stable sheaves on S will define the inverse map to (A.2).
Consider the composition
where the final isomorphism is given by Lemma A.1. The map is Γ(O U )-linear so defines a U-point of ∆ × U. Its ideal is the kernel of the above composition, and by its definition this ideal annihilates F .
Thus we get a map f : U −→ ∆ such that F is the pushforward of a sheaf F on T × ∆ U ⊂ T × U. Since F is flat over U, so is F .
On closed points f is the constant map to 0 ∈ ∆. To prove f is a constant map of schemes, we may replace U by the formal neighbourhood of any closed point. The result will follow below from Hodge theory and the Noether-Lefschetz transversality condition.
We have shown that F is a flat family of stable sheaves on the smooth family The proof in most cases is well-known:
• If β 2 > 0 and β is nef, then (A.4) is the classical Beauville integrable system, and the image P g is the whole linear system |O(β)|. The generic element C of |O(β)| is a nonsingular irreducible curve of genus g = 1 + β 2 /2 , and the fibre of (A.4) over C is the nonsingular Lagrangian torus Pic g C ⊂ M ⋆ .
• If β 2 = 0 and β is nef of divisibility m > 0, then β/m is the class of a fibre in an elliptic fibration S → P • If β 2 = −2, M ⋆ is a single point, and the claim is trivial.
• If β 2 < −2, M ⋆ is empty.
The remaining case where β 2 ≥ 0 with β not nef is likely to follow from the above cases after using wall-crossing and the methods of [1,
Section 11]. Alternatively, it is not hard to show directly that the fibres of the map (A.4) are Lagrangian; that the image should then be P g is a standard conjecture (proved by Hwang when the image is nonsingular). We leave the matter open here.
Finally, for the cases treated above, we can follow the calculation of [20, Section 8.3 ] (which in turn follows [13] ) to determine the refined Gopakumar-Vafa invariants using the perverse Leray filtration for the fibration. 24 At the level of Poincaré polynomials, the generating function 25 obtained is:
R q m )(1 − q m ) 20 . Substituting (u, v) for (t L , t R ) gives the refined KKV generating function (5.1) of KKP. 24 The cited references use the fibration Hilb g (S) → P g induced by an elliptic fibration S → P 1 . Our fibration M ⋆ → P g can be deformed to this without changing the results.
25
See the equation before [20, Equation (8. 3)], before the specialization t R = −1.
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